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2011
TRIAL HIGHER SCHOOL
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Mathematics Extension 2

Examination Date: Wednesday 17th August
Examiner: Mr. M. Brain

General Instructions

e Reading Time - 5 minutes

e  Working Time - 3 hours

e Write using a blue or black pen

e Write your student number on every booklet
e Board-approved calculators may be used

e A table of standard integrals is provided at
the back of this paper

e All necessary working should be shown in
every question

e Each question attempted is to be returned in
a separate Writing Booklet clearly marked
Questions 1 etc.

e Ifrequired, additional booklets may be
requested

Total marks - 120
e Attempt Questions 1- 8

e All questions are of equal value



Question 1

b)

(Start a new booklet)

Find
) ax
1 —_—
@ Ix2 —16X + 60
. dx
1 _—
@) J’xz —16x+80
Evaluate

5

1

i dée
@ !1+sin6’
(ii) j e* cos X dx

0

2X
Use the substitution U =X—-2 to find I ——dx
Vax —x?

Marks



Question 2 (Start a new booklet) Marks

—1+i
in mod-arg form 3
V3 +i

a) (1) Express

(11) Hence express cos Z—;[ in surd form
b) Evaluate arg((2+i)W) given that w=—1-3i 1
C) (1) On an Argand diagram shade the region where both 4

|Z—(1+i)£1 and OSarg(Z—(l+i))S%

(ii) Find the sets of values of |z| and argz for the points in the

shaded region

Z, +1Z .
d) z, and z, are two complex numbers such that ———= = 2j 7
Z, -1,
(1) On an Argand diagram show vectors representing

2,,2,,2,+2, and z,-12,
(11) Show that |z,|=|z,|
(i) If « is the angle between the vectors representing z, and z,

show that tang = l
2 2

(iv) Show that z, = %(3 +4i)z,



Question 3  (Start a new booklet) Marks

a) A is a point outside a circle with centre O. P is a second point 6
outside the circle such that PT=PA where PT is a tangent to the
circleat T. AO cuts the circle at D and C. PC cuts the circle at B.
AB cuts the circle at E.

Copy the diagram into your answer booklet

(1) Show that APBT is similar to APTC
(i1) Show that AAPB is similar to ACPA

(i) Hence show that DE is parallel to AP

b) (1) On the same number plane sketch the graphs of y = |X| -2 3
and y=4+3x-x’

X2

>0
4 +3x— x>

(i1) Hence, or otherwise, solve

Question 3 continued on next page



Question 3 continued Marks

c) The area between y =sin X and Yy = cos X, from the y-axis 4
to the point of intersection, A, is rotated about the line y =1

(1) Find the co-ordinates of point A
(i1) Calculate the generated volume of revolution
d) Solve the equation 8x* +44x’ +54x> +25x+4 =0 given that 2

it has a triple root



Question 4  (Start a new booklet) Marks

a) Find all the roots of P(X) = Xx* —8x’ +39x* —122x+170 4
given that 3 —iis one of the roots

b) The line through the origin which is perpendicular to the tangent 7

at PLCp,EJ to the rectangular hyperbola Xy = ¢* meets the
p

tangent at N.

Show that the locus of N has the equation (X2 +y° )2 =4¢’xy

C) Give a possible equation for the graph below: 4



Question 5  ( Start a new booklet) Marks
a) The equation of a curve is X°y*> — x> +y*> =0 7
(i) Show that the numerical value of y satisfies |y| <1

(1) Find the equations of the asymptotes

(i)  Showthat =Y
dx x

(iv) Sketch the curve

b) Sketch the graph of each equation on a separate number plane: 8
. 2
() (1) y=+x @ y=(x)
(i) (1) y=Ine) ) y=e
(i) (1) y =sin(sin"' x) 2)  y=sin"(sinx)



Question 6

b)

(Start a new booklet) Marks

+b+c

The inequality a >3/abc s true for any real positive 5

numbers a,b and c. Given that a+b+c =1 show:

1
i —2>27
® abc
(11) 1 + 1 + 1 29
a b c
(iii) (1—a)1-b)1-c)=>8abc
(1) Show that the area, A, of a regular pentagon of side 4

length P is given by

.2 °
A:épz 51T1 54
2 smn72°

(i1) The area enclosed by y = Xx* and y =3 is the base of a solid.
Cross-sections of the solid, parallel to the x-axis, are regular pentagons
with one side of the pentagon on the base of the solid.

Calculate the volume of the solid, correct to one decimal place



Question 6 continued on next page

Question 6 continued Marks
c) In the diagram below the circle with the equation (x—2)* +y? =1 6

is drawn. The region bounded by the circle is rotated about the line x =1

(1)

(ii)

aXx=1

Use the method of cylindrical shells to show that the volume, V, of the
solid so formed is given by

3
V =4z [(x=1W1-(x—2) dx
1

By using the substitution X —2 =sin & calculate the volume of
the solid formed



Question 7 (Start a new booklet) Marks

a) For the diagram below: 8

x-ae)+y =ale?+1)

2 2

(1) Show that the tangent at P(asecd,btan#) on the hyperbola % - Z—z =
Xsecd ytand
b

1=0

has equation

(i1) Show that if the tangent at P is also a tangent to the circle with centre (ae, 0)
and radius ave’ +1 then secd = —€

(i)  Given that secd = —e, deduce that the points of contact, P and Q on the
hyperbola, of the common tangents to the circle and the hyperbola are
the extremities of a latus rectum ( X = —ae ) of the hyperbola and state
the coordinates of P and Q

(iv)  Find the equations of the common tangents to the circle and the hyperbola
and find the coordinates of their points of contact with the circle

10



b)

Question 8

b)

sin(A+ B)—sin(A—B)

(1) Show that -
2sin B

=cos A

(i1) Hence show that

COS X +C0S3X+Cos5X +...+ cos(2n - 3)X + cos(2n - 1)

z
2

sin 8X

dx

(111) Hence evaluate I -
v Sin X

(Start a new booklet)

In the diagram below ABC is a triangle in which AB = AC
and BC =1.D isthe point on BC such that /BAD =46,
Z/CAD =260

()  Letting BD=x show that cos@ = 12—_x
X

(i1) Hence show that { <X <3

Let o, 8 and 7 be the non-zero roots of X’ +3px+q=0

aff o

(1) Obtain the monic equation which has the roots —,—— an

4
11

Marks



(ii)

(1)

(ii)

Show that if af =y then (3p—q)2+q=0

. V4
Prove that cos X = sm(x + EJ

Given that y =5 sin(x + a) prove, by mathematical induction,

n

d y—SSin(X+a+n7”j for n>1

that =
dx"

12



STANDARD INTEGRALS

1
Jx"dx = —x"" nz-1; x=0, if #<0
n+1
1
—dx =lnx, x>0
X
ax 1 ax
Je dx = —e™ a=0
a

1 .
Icosaxdx = —sinax, a#0
a
. 1
jsmaxdx = ——cosax, a=0
a
) 1
Isec ax dx = —tanax, a=0
a
1
Isecaxtanaxdx = —secax, a0
a
1 1 X
I —— dx = —tan® =, a%0
a’ +x a a
1 X
I dx =sin’ =, a>0, —a<x<a
a’-x’ a
1
j = 2dx zln(x+\/x2—a2) X>a>0
X*—a

I%dx :ln(X+\/X2+a2)

NOTE: InXx=log X, X>0

13
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